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t:;^ ' Abstract 

Let r be an odd integer, and k an even integer. In this note, we present r-regular 
' graphs which have no {fc, r — fc}-factors for all 1 < fc < | — 1. This gives a negative 

, answer to a problem posed by Akbari and Kano recently. 
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^ '. 1 Introduction 

oo 

Let G be a simple graph, and H a set of integers. A spanning subgraph F of G is called an 
■ H -factor if the degree of each vertex belongs to H. 

CN I Let r, k be positive integers such that 1 < A; < |. Recently, Akbari and Kano [l] 

considered whether a general r-regular graph contains a {k, r — A;}-factor. It is known [1] 
that the problem of determining whether G has an {a, 6}-factor is NP-complete for any 
positive integers a and h such that b — a>2>. 

^ , The case that both r and k are even was solved by Peterson [6j early in 1891. In 

\—{ ' fact Peterson proved that any r-regular graph has a {fc}-factor. The proof can be found 

in Akiyama and Kano's book [1]. For the case that r is odd and k is even, Akbari and 
Kano [2j showed the existence of a {fc, r — /cj-factor of any r-regular graphs by induction 
on edge-connectivity. In fact, they considered general graphs (allowing multiple edges and 
loops) and obtained some refined results. They posed the problem of solving the remaining 
cases. 

In this note, we deal with the case that r is even and k is odd. 



2 The main result 

Let r be an even integer, and k an odd integer, such that 1 < A; < |. In this section, we 
consider the problem that whether every r-regular graph contains a {fc, r — A;}-factor. 

First, the case k = ^ can be completely solved by the following result of Gallai [3]. 
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Theorem 2.1 (Gallai) Every m-edge-connected r-regular graph on an even number of ver- 
tices has a k-factor if r is even, k is odd, and 

r , / 1 

— <k <r{l 

m \ m 

Theorem 2.2 Let r be an even integer such that | is odd. Let G be a connected r-regular 
graph. Then G has an | -factor if and only if the number of vertices of G is even. 

Proof. The necessity is clear since | is odd. Suppose that G is an r-regular graph with an 
even number of vertices. Note that any connected r-regular graph is 2-edge-connected if r 
is even. Taking m = 2 in Gallai's Theorem 12.11 we see that G has an ^-factor. □ 

For the other cases, we will present r-regular graphs without {A;, r — fcj-factors. Here is 
our main result. 

Theorem 2.3 Let r, k be positive integers such that r is even, k is odd, and 

r 

l< k < - - I. 
- - 2 

Then there exists an r-regular graph without {k,r — k}-factors. 

Proof. Note that the case § is even and A: = § — 1 is solved by the first author [5]. We 
divide the remaining cases into two parts depending on the parity of |. For either of them 
we shall present an r-regular graph without {k, r — A;}-factors. 

Let H be the graph obtained by removing an edge from the complete graph Kr+i- We 
will use H as building blocks in the constructions. Let Hi, H2, ... be pairwise disjoint copies 
of H. Let Ui and Vi be the unsaturated vertices of Hi. 

Suppose that § is odd. Then A; < | — 2. Let Gi be the graph obtained by linking a 
vertex v to all unsaturated vertices of Hi , H2 , . . . , H^ . Then Gi is an r-regular graph with 
r(r -|- l)/2 -|- 1 vertices. Suppose that Gi contains a {k,r — fcj-factor Fi. By parity, it is 
easy to deduce that v links to exactly one vertex of each Hi in Fi. It follows that 

r 

degFi(^^) = i^^{k,r - k}, 

a contradiction. So Gi is a desired graph. 

Now we consider the case that | is even. By the work in [5j, we can suppose that 
A: < I — 3. In this case, let G2 be the graph consisting of two vertices u, v, and the copies 
Hi, H2, . . ., Hr such that u is linked to all unsaturated vertices of the copies Hi, H2, . . ., 
Hl-i, and to the vertices Ur-i and u^; while v is linked to all unsaturated vertices of Hr, 
Hl^i, Hr-2, and to the vertices Vr-i and Vr. Then G2 is an r-regular graph with 
r(r -|- 1) -|- 2 vertices. Suppose that G2 contains a {A;, r — A;}-factor F2. By parity, the vertex 
u links to exactly one vertex of each (1 < i < | — 1). It follows that 



deg^,(.)€|--l, -, - + l|, 



which has empty intersection with the set {A;,r — A:}. Hence G2 has no {A:,r — A;}-factors. 
This completes the proof. □ 
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